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We consider f(R) gravity theories in the presence of a scalar field minimally coupled to gravity
with a self-interacting potential. When the scalar field backreacts to the metric we find at large
distances scalarized Schwarzschild-AdS and Schwarzschild-AdS-like black hole solutions. At small
distances due to strong curvature effects and the scalar dynamis we find a rich structure of scalarized
black hole solutions. When the scalar field is conformally coupled to gravity we also find scalarized
black hole solutions at small distances.
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I. INTRODUCTION
The study of black hole solutions with scalar hair is a very interesting aspect of General Relativity (GR) and had
attracted a lot of interest. These hairy black holes are solutions generated from a modified Einstein-Hilbert action in
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2which a scalar field coupled to gravity is introduced. However, these solutions in order the scalar field to be regular on
the horizon and well behaved at large distances have to obey the powerful no-hair theorems. The first hairy black
hole solutions of GR were found in asymptotically flat spacetimes [1] but it was realized that the scalar field was
divergent on the horizon and stability analysis shown that these solutions were unstable [2]. Therefore, a regularization
procedure has to be found and make the scalar field regular on the horizon. The easiest way to comply with this
requirement is to introduce a cosmological constant making the scalar field regular on the horizon hiding all possible
divergencies behind the horizon.
One of the first hairy black hole solution was discussed in [3] which was a generalization of the black hole solution in
(2+1)-dimensions introduced in [4]. It is a static 3-dimensional black hole solution circularly symmetric, asymptotically
anti-de Sitter (AdS), with a scalar field conformably coupled to gravity with a scalar field regular everywhere. In
4-dimensions an exact black hole solution with a negative cosmological constant and a minimally coupled self-interacting
scalar field was discussed in [5]. The event horizon is a surface of negative constant curvature enclosing the curvature
singularity and the spacetime is asymptotically locally AdS with a scalar field regular everywhere.
Then various hairy black hole solutions were found [6]-[10]. A characteristic of these solutions is that the parameters
connected with the scalar fields, the scalar charges, are connected in some way with the parameters of the hairy solution.
In [11] a topological black hole dressed with a conformally coupled scalar field and electric charge was studied. Phase
transitions of hairy topological black holes were studied in [12, 13]. An electrically charged black hole solution with a
scalar field minimally coupled to gravity and electromagnetism was presented in [14]. It was found that regardless
the value of the electric charge, the black hole is massless and has a fixed temperature. The thermodynamics of the
solution was also studied. Further hairy solutions were reported in [15]-[25] with various properties. More recently new
hairy black hole solutions, boson stars and numerical rotating hairy black hole solutions were discussed [26–29]. Also
the thermodynamics of hairy black holes was studied in [30].
All these hairy black holes are solutions of an Einstein action of a GR theory in which the following terms are
present. The Ricci scalar R, a length scale presented through the cosmological constant Λ, an electromagnetic field in
the case of a charged hairy black holes and a scalar field which appears with its kinetic term minimally coupled to
gravity and its potential. Then you solve the coupled Einstein-Maxwell-scalar field equations assuming a spherically
symmetric ansatz for the metric. The question is if you change or modify one of these basic ingredients of your action
can you get regular exact hairy black hole solutions?
If the scalar field except its minimal coupling it is also coupled kinetically to Einstein tensor it was found in [31]
that it takes more time for the black hole to be formed. If the scalar field coupled to Einstein tensor backreacts to the
metric new hairy black hole solutions can be generated. These gravity theories belong to the general scalar-tensor
Horndeski theories. Then various hairy black hole solutions were found. In [32, 33] a gravity model was considered
consisting of an electromagnetic field and a scalar field coupled to the Einstein tensor with vanishing cosmological
constant. Then regular hairy black hole solutions were found evading the no-hair theorem thanks to the presence of
the coupling of the scalar field to the Einstein tensor which plays the role of an effective cosmological constant.
In the context of the Hordenski theory there are also exact hairy black hole solutions. An exact Galileon black hole
solution was analytically obtained in [34] in a static and spherically symmetric geometry. However, the scalar field
which was coupled to Einstein tensor should be considered as a particle living outside the horizon of the black hole
because it blows up on the horizon. Another exact Galileon black hole solution was discussed in [35]. It was found
that for a static and spherically symmetric spacetime, the scalar field if it is time dependent, the no-hair arguments
can be circumvented and a hairy black hole solution can be found. Recently there is a discussion of black holes with
soft hair [36]. These black holes do not carry scalar charge but soft gravitons or photons on their horizons. Lifting the
spherically symmetric requirement for the metric, it was found that 3-dimensional and higher dimensional Einstein
gravity with negative cosmological constant admit stationary black holes with soft hair on the horizon [37, 38].
As we can see from the above discussion if we change the way the scalar field is coupled to gravity or the symmetric
properties of the spacetime, we get hairy black hole solutions with quite different properties from the minimally coupled
scalar field to gravity in spherically symmetric spacetimes. To the best of our knowledge, there is no any study of how
the change of curvature effects the structure and properties of hairy black holes. Therefore, the aim of this work is to
study if there are hairy black hole solutions and what are their properties in modified GR theories, in which except the
linear Ricci term there are other non-linear or even high order curvature terms. A particular class of models that
includes higher order curvature invariants as functions of the Ricci scalar are the f(R) gravity models. These theories
were mainly introduced in an attempt to describe the early and late cosmological history of our Universe [39]-[48].
These theories exclude contributions from any curvature invariants other than R and they avoid the Ostrogradski
instability [49] which usually is present in higher derivative theories [50].
In f(R) gravity theories there are black hole solutions which are simple deviations from the known black hole
solutions of GR or they have completely new structures. Static spherically symmetric solutions in f(R) gravity
were studied in [51, 52]. Black hole solutions were investigated with constant curvature, with and without electric
charge and cosmological constant in [53–55]. Also various black hole solutions were found in f(R) gravity thoeries
3having various properties [56]-[62]. Recently in Maxwell-f(R) gravity, a general exact charged black hole solution
with dynamic curvature in D-dimensions was found in [63]. This general black hole solution can be reduced to the
Reissner-Nordstro¨m (RN) black hole in D-dimensions in Einstein gravity and to the known charged black hole solutions
with constant curvature in f(R) gravity. Recently the stability of f(R) black holes under scalar perturbations was
studied in [64].
In section II we present the scalarization procedure of black holes in f(R) gravity. In section III we discuss the
scalarization procedure in the case of scalar field conformally coupled to gravity. Finally in section IV are a discussion
and the conclusions.
II. SCALARIZED BLACK HOLE SOLUTIONS
It is known that the f(R) gravity theories in the Einstein frame are equivalent to GR in the presence of a scalar
field with a potential. Our approach in our study is to consider the f(R) gravity theory with a scalar field minimally
coupled to gravity in the presence of a self-interacting potential. Varying this action we will look for hairy black hole
solutions. We will show that if this scalar field decouples, we recover f(R) gravity. First we will consider the case
without a self-interacting potential.
1. Without self-interacting potential
Consider the action
S =
∫
d4x
√−g
{
1
2κ
[f(R)− Λ]− 1
2
gµν∂µφ∂νφ
}
, (1)
where κ is the Newton gravitational constant κ = 8piG. The Einstein equations read
fRRµν − 1
2
gµν [f(R)− Λ] + gµνfR −∇µ∇νfR = κTµν , (2)
where f ′(R) = fR and the energy-momentum tensor Tµν is given by
Tµν = ∂µφ∂νφ− 1
2
gµνg
αβ∂αφ∂βφ . (3)
The Kein-Gordon equation reads
φ = 0 . (4)
We consider a spherically symmetric ansatz for the metric
ds2 = −B(r)dt2 + 1
B(r)
dr2 + r2dθ2 + r2 sin2 θdϕ2 . (5)
Then the Einstein equations become
• The tt Einstein equation is
B(r)
(
rB′(r)f ′R(r)− fR(r)
(
rB′′(r) + 2B′(r)
)
+ 2rB(r)f ′′R(r) + 4B(r)f
′
R(r) + κrB(r)φ
′(r)2 − rf(r) + Λr
)
r
= 0 .
(6)
• The rr Einstein equation is
−rB′(r)f ′R(r) + fR(r) (rB′′(r) + 2B′(r))− 4B(r)f ′R(r) + κrB(r)φ′(r)2 + rf(r)− Λr
rB(r)
= 0 . (7)
• The θθ Einstein equation is
2fR(r) (rB
′(r) +B(r)− 1) + r2f(r) = r (r (2B′(r)f ′R(r) + Λ) +B(r) (2rf ′′R(r) + 2f ′R(r) + κrφ′(r)2)) , (8)
4• Finally the Klein-Gordon equation becomes
B′(r)φ′(r) +B(r)
(
φ′′(r) +
2φ′(r)
r
)
= 0 . (9)
The Einstein equations tt and rr give a relation between fR(r) and φ(r)
φ′(r)2 + f ′′R(r) = 0 , (10)
while the Klein-Gordon equation gives a relation between φ(r) and b(r) which it can be written as
φ′(r)r2B(r) = C1 , (11)
where C1 is an integration constant.
If we assume that there is a black hole solution with horizon rh then we must have B(rh) = 0. Then from relation
(11) we have C1 = 0. However, this relation is valid for any r which means that either B(r) = 0 or φ
′(r) = 0 should be
zero. If B(r) = 0 we do not have any geometry while if φ′(r) = 0 means that the scalar field is a constant everywhere.
Therefore, we do not have any hairy black hole solution with a non-trivial scalar field.
2. With self-interacting potential
We consider the f(R) gravity theory with a scalar field minimally coupled in the presence of a self-interacting
potential.
S =
∫
d4x
√−g
{
1
2κ
[f(R)− 2Λ]− 1
2
gµν∂µφ∂νφ− V (φ)
}
, (12)
where the scalar field and its self-interacting potential vanishes at space infinity
φ (r →∞) = 0 , V (r →∞) = 0 , V ∣∣
φ=0
= 0 . (13)
The Einstein equations and the Klein-Gordon equation are
fRRµν − 1
2
gµν [f(R)− 2Λ] + gµνfR −∇µ∇νfR = κTµν , (14)
φ = dV
dφ
,
dV
dφ
∣∣∣
φ=0
= 0 , (15)
where the stress-energy tensor is
Tµν = ∂µφ∂νφ− gµν
[
1
2
gαβ∂αφ∂βφ+ V (φ)
]
. (16)
Here we use the spherically symmetric metric ansatz
ds2 = −B(r)dt2 + 1
B(r)
dr2 + r2
(
dθ2 + sin2 θdϕ2
)
. (17)
Setting κ = 1 the field equations become
2rBf ′′R − rfRB′′ + rB′f ′R − 2fRB′ + 4Bf ′R + r
(
Bφ′2 − f + 2Λ + 2V ) = 0 , (18)
rfRB
′′ − rB′f ′R + 2fRB′ − 4Bf ′R + r
(
Bφ′2 + f − 2Λ− 2V ) = 0 , (19)
2fR (rB
′ +B − 1) = Br (2rf ′′R + 2f ′R) + r2
(
2B′f ′R +Bφ
′2 − f + 2Λ + 2V ) , (20)
5B′φ′ +B
(
φ′′ +
2φ′
r
)
=
V ′
φ′
, (21)
where the primes denote the derivatives with respect to r.
There are four equations (18), (19), (20), and (21), but only three of them are independent. We can use the first
three of them to deduce the last one. In other words, we have four unknown quantities B(r), φ(r), f(R) and V (φ),
while three independent equations. Therefore we need to choose one of these functions and then solve the others.
Our initial motivation for this study was to see what is the effect of a matter distribution on a non-trivial curvature
described by a f(R) theory. Therefore we choose different distributions of matter φ(r) to see what kind of geometries,
f(R) theories and potentials can support such hairy structure.
The t− t (18) and r − r (19) components of the Einstein equations give a relation between fR and φ
f ′′R + φ
′2 = 0 , (22)
while the t− t (18) and θ − θ (20) components give the relation between fR and B
fR
(
r2B′′ − 2B + 2)+ r (rB′ − 2B) f ′R = 0 , (23)
from which we can solve fR(r) and B(r)
fR(r) = c1 + c2r −
∫ ∫
φ′2drdr , (24)
B(r) = r2
[∫ −2 ∫ fRdr + c3
r4fR
dr + c4
]
. (25)
We can see that if the scalar field φ(r) is known, then fR(r) can be obtained by integration and also the metric function
B(r). The Klein-Gordon equation (21) gives the expression of the potential,
V (r) =
∫
φ′
[
B′φ′ +B
(
φ′′ +
2φ′
r
)]
dr + V0 , (26)
which can also be obtained by integration.
Using (19), we can obtain f(r)
f(r) = B′f ′R −
fR (rB
′′ + 2B′)
r
+
4Bf ′R
r
−Bφ′2 + 2Λ + 2V . (27)
Besides, the expression of curvature under our metric ansatz can be calculated through the metric function
R(r) = −r
2B′′(r) + 4rB′(r) + 2B(r)− 2
r2
. (28)
From the expressions of f(r), R(r), V (r) and φ(r) one can determine the f(R) forms and the potentials V (φ).
In the action (12) we have introduced a cosmological constant Λ. However, in the expressions of the functions fR(r),
B(r), V (r) and R(r) the cosmological constant does not appear. The reason is the presence of the f(R) function.
However, as we will see in the next subsection an effective cosmological constant is generated.
We note here that the relation (22) connects the f(R) function with the scalar field φ. This means that the f(R)
function has the information of the presence of the scalar charge. This equation leads to the equation (24) in which if
the scalar field φ decouples and c2 = 0 we recover GR.
A. Gaussian distribution
and We first consider the Gaussian distribution of the scalar field,
φ = Ae−r
2/2 , (29)
where A is the amplitude of the scalar field.
From (22) we can solve the fR explicitly
fR(r) = −1
4
A2
(√
pirE(r) + 2e−r
2
)
+ c1 + c2r , (30)
6where c1, c2 are integration constants and
E(r) =
2√
pi
∫ r
0
e−r
2
dr (31)
is the Gauss error function.
In fact, we can use (25) and (26) to calculate the metric function
B(r) = r2
∫ 2r
(
A2e−r
2 − 8c1 − 4c2r
)
+
√
piA2
(
2r2 + 3
)
E(r) + 8c3
2r4
(−A2 (√pirE(r) + 2e−r2)+ 4c1 + 4c2r) dr + c4
 , (32)
and the potential
V (r) = V0 −A2
∫
e−r
2
r
[(
r2 − 3)B − rB′] dr . (33)
We rewrite the potential as a function of φ,
V (φ) = V0 +
∫ [
B(φ)
(
ln
A2
φ2
− 3
)
+B′(φ)φ ln
A2
φ2
]
φdφ , (34)
where
B(φ) = c4 ln
A2
φ2
− ln A
2
φ2
∫
dφ
φfR(φ)
(
ln
A2
φ2
)−5/2 2 ∫ fR(φ)dφ
φ
√
ln A
2
φ2
+ c3
 , (35)
fR(φ) =
1
2
√
ln
A2
φ2
∫
φdφ√
ln A
2
φ2
− 1
2
φ2 + c1 + c2
√
ln
A2
φ2
. (36)
For the Gaussian distribution (29) we have an exact solution for the metric function B(φ), the f(R) function and
the potential V (φ) of the coupled field equations given by the equations (34)-(36).
If the scalar field is decoupled and A = 0 then we have
φ(r) = 0 , (37)
fR(r) = c1 + c2r , (38)
B(r) = 1 +
c2c3
2c21
− c3
3c1r
− c2r
(
c21 + c2c3
)
c31
+ r2
[
c4 +
c22
(
c21 + c2c3
)
c41
ln
(c1
r
+ c2
)]
, (39)
and if we choose c2 = 0 we get the Schwarzschild-AdS black hole solution
B(r) = 1− c3
3c1r
+ c4r
2 . (40)
If A 6= 0 and the scalar field backreacts with the metric we will study what kind of hairy black hole solutions we get
and what is their behaviour at large and small distances.
1. Hairy black holes at large distances
The asymptotic expressions at large r distances are
B(r) =
1
2
− 2M
r
− r
2Λeff
3
+O
(
1
r2
)
, (41)
V (r) = A2e−r
2
(
1
4
(2Λeff + 1)r
2 − r
4Λeff
6
−Mr +O (r0)) , (42)
7where the parameter M is related to the mass of black hole and Λeff is an effective cosmological constant
M =
4c1
3
√
piA2 − 12c2 , (43)
Λeff = −3c4 , (44)
where we had already adjusted the integration constant
V0 =
3
2
√
piA2M , (45)
to make the potential vanish at r infinity and it also satisfies
dV (φ)
dφ
∣∣∣
φ=0
= 0 . (46)
The asymptotic expression of f(r) at large r distances is
f(r) = 2c1
(
Λeff +
1
r2
− 1
3Mr
)
+ 2Λ +O
(
1
r3
)
. (47)
Note that at large r distances the curvature is
R(r) = 4Λeff +
1
r2
+O
(
1
r3
)
, (48)
then we can obtain the form of the f(R) function
f(R) ' c1
(
2R− 6Λeff − 2
3M
√
R− 4Λeff
)
+ 2Λ . (49)
If we choose a specific value for the constant c2 =
√
piA2
4 we get the approximate at large distances functions
B(r) = 1− 2M
r
− Λeff
3
r2 +O
(
1
r4
e−r
2
)
, (50)
R(r) = 4Λeff +O
(
1
r2
e−r
2
)
, (51)
V (r) = A2e−r
2
(
−Λeff
6
r4 +
Λeff
2
r2 +
r2
2
)
+O
(
re−r
2
)
, (52)
f(r) = 2(c1Λeff + Λ) +O
(
re−r
2
)
, (53)
V (φ) ' −φ2
[
2Λeff
3
(
ln
φ
A
)2
+ (Λeff + 1) ln
φ
A
]
, (54)
f(R) ' c1
2
R+ 2Λ , (55)
where
M =
√
piA2
16c1
+
c3
6c1
, (56)
Λeff = −3c4 . (57)
Let us summarize our results so far. In our explicit solutions of the field equations we have the four parameters
c1, c2, c3, c4 and the scalar charge A. The parameter c4 is related to the effective cosmological constant, the parameter
c3 is related to the mass M of the Schwarzschild-AdS black hole while the parameters c1, c2 appear in the f(R) function.
We can see from (53) that when we are at large distances the second term decouples and the f(R) function goes to
pure Ricci scalar term R. If we choose c2 =
√
piA2
4 the scalar charge A appears in the metric function (50) though
its mass (56) scalarizing in this way the Schwarzschild-AdS black hole. Also from (51) we can get the usual relation
R(r) = 4Λeff. If we had chosen a different value of the constant c2 we can see from relation (43) and (44) that we
can generate other Schwarzschild-AdS-like black hole solutions. Now the interesting question is if we go to small
distances at which the Ricci scalar is expected to get strong corrections and the scalar field to get stronger, what kind
of scalarized black holes we can get?
82. Hairy black holes at small distances
The various functions at origin r → 0 can be expanded as
B(r) =
A4 − 4A2c1 + 4c21 + 2c2c3
(A2 − 2c1)2
+
2c3
(3A2 − 6c1) r + c4r
2 +O
(
r3
)
, (58)
R(r) = − 4c2c3
r2 (A2 − 2c1)2
− 12c4 +O (r) , (59)
V (r) = V1 +
4A2c3r
3A2 − 6c1 +
3A2r2
(
A4 − 4A2c1 + 4c21 + 2c2c3
)
2 (A2 − 2c1)2
+O
(
r3
)
, (60)
f(r) =
2c2c3
r2 (A2 − 2c1) +
4c2
(
A4 − 4A2c1 + 4c21 + 2c2c3
)
r (A2 − 2c1)2
+O
(
r0
)
. (61)
When A2 6= 2c1 and c2 6= 0, the curvature R is divergent at origin r → 0, indicating a singularity.
Note that the modified gravity f(R) and its derivative f ′(R) need to satisfy the conditions
lim
R→∞
f(R)−R
R
= 0 , lim
R→∞
f ′(R)− 1
R
= 0 , (62)
which are necessary conditions to recover GR at early times to satisfy the restrictions from Big Bang nucleosynthesis
and CMB, and at high curvature regime for local system tests.
The second one is satisfied automatically, and the first one gives the constraint
A2 = 2c1 − 2 . (63)
The functions B(r), R(r), V (r), f(r) are all functions of the parameters ci and the scalar charge A. At large distances
choosing various values of the c2 parameter of the function f(R) and with a non-zero scalar charge A we get various
scalarized black hole solutions. Choosing c2 =
√
piA2
4 we saw that a scalarized Schwarzschild-AdS black hole is produced.
Using the value of c2 =
√
piA2
4 , the effective cosmological constant (57) and relation (63) we rewrite the asymptotic
expressions at origin
B(r) = 1 +
1
8
√
piA2c3 − c3
3r
− Λeff
3
r2 +O
(
r3
)
, (64)
R(r) = 4Λeff −
√
piA2c3
4r2
+O (r) , (65)
V (r) =
3
16
√
piA4c3r
2 − 2
3
A2c3r +
3A2r2
2
+ V1 +O
(
r3
)
, (66)
f(r) =
piA4c3
8r
−
√
piA2c3
4r2
+
√
piA2
r
+ 2Λ + 2Λeff + 2V1 +O (r) , (67)
where
V (φ) ' V1 − 1
3
2
√
2A3/2c3
√
A− φ+ 3
8
√
piA3c3(A− φ) + 3A(A− φ) , (68)
f(R) ' R− 2Λeff + 2Λ + 2V1 +
pi1/4A
(√
piA2c3 + 8
)√
4Λeff −R
4
√
c3
. (69)
If c3 > 0 and Λeff < 0, then
B (r → 0)→ − c3
3r
→ −∞, B (r →∞)→ −r
2Λeff
3
→ +∞ . (70)
Using the constraint of A (63) we can show that the metric function and also the functions V (r) and f(r) are always
continuous for any positive r. Therefore, there must exist a zero point, namely the event horizon of a black hole. In
this case, the solution describes a scalarized black hole in AdS spacetimes as it can be seen in the following figures
which are plotted varying the mass M which is related to the c3 parameter as follows, using (56) and the relation (63)
9c3 = 6c1M − 3
√
piA2
8
= 3
(
A2 + 2
)
M − 3
√
piA2
8
. (71)
The formation of a hairy black hole at small distances is very interesting. As can be seen in the left plot of Fig. 1
the curvature blows up at the origin while at the right plot the metric function develops a horizon. In the left plot of
Fig. 2 the evolution of the scalar field is shown while the right plot shows its potential. The potential develops a deep
well. This well is formed before the appearance of the horizon. This indicates that the scalar field is trapped in this
well providing the right matter concentration for a hairy black hole to be formed. When the horizon is formed the
potential of the scalar field develops a peak as it is shown in Fig. 3. Finally in Fig. 4 we plot the f(R) function.
To have a better understating of the asymptotic structure near the event horizon r → rh, we make the following
expansions of the metric, potential and modified gravity functions. These functions can be expanded as
B(r) = B(rh) +B
′(rh)(r − rh) + 1
2
B′′(rh)(r − rh)2 + ..., (72)
V (r) = V (rh) + V
′(rh)(r − rh) + 1
2
V ′′(rh)(r − rh)2 + ..., (73)
f(r) = f(rh) + f
′(rh)(r − rh) + 1
2
f ′′(rh)(r − rh)2 + .... (74)
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FIG. 1: Plot of the curvature and the metric function for various values of M , while we have fixed A =
√
2 to have c1 = 2 and
Λeff = −1 .
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FIG. 2: Plot of the scalar field and the potential for various values of M , while we have fixed A =
√
2 to have c1 = 2 and
Λeff = −1 .
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FIG. 3: Plot of the potential outside the horizon for various values of M , while we have fixed A =
√
2 to have c1 = 2 and
Λeff = −1 .
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FIG. 4: Plot of the F (R) = f(r)− 2Λ function while we have fixed A = √2 to have c1 = 2 and Λeff = −1 .
For simplicity we rewrite the metric function as
B(r) = r2
[∫
b(r)dr + c4
]
, (75)
where
b(r) =
2r
(
A2e−r
2 − 8c1 − 4c2r
)
+
√
piA2
(
2r2 + 3
)
E(r) + 8c3
2r4
(−A2 (√pirE(r) + 2e−r2)+ 4c1 + 4c2r) . (76)
Then
B′(r) =
B(r)
r
+ r2b(r) , (77)
B′′(r) =
2B(r)
r2
+ 4rb(r) + r2b′(r) , (78)
B′′′(r) = r2b′′(r) + 6rb′(r) + 6b(r) , (79)
... (80)
and at the event horizon rh we have
B(rh) = 0 , (81)
B′(rh) = r2hb(rh) , (82)
B′′(rh) = 4rhb(rh) + r2hb
′(rh) , (83)
B′′′(rh) = r2hb
′′(rh) + 6rhb′(rh) + 6b(rh) , (84)
... (85)
For the potential V (r) we have
V ′(rh) = B′(rh)φ′(rh)2 = r2hb(rh)φ
′(rh)2 , (86)
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and also
f ′(rh) = b(rh)
(
rh
(
rh
(
f ′′R(rh) + φ
′(rh)2
)
+ 2f ′R(rh)
)− 12fR(rh))− rhfR(rh) (rhb′′(rh) + 8b′(rh)) . (87)
As can be seen from the expressions (72)-(74) around the horizon of the metric function B(r), the potential V (r)
and the function f(r), if the scalar field backreacts to the metric at small distances there is no any exact hairy black
hole solution and a numerically hairy black hole solution is resulted from a metric function (75) which is not simple.
This can be understood from the fact that at small distances the modified curvature of the f(R) theory is so strong
that it gives strongly coupled hairy black holes.
B. Other matter distributions
If we consider another matter distribution we expect to get a similar structure of the hairy black holes at large and
small distances. This will depend on the behaviour of the scalar field at large and small distances. Choosing different
matter distributions will affect the form of the f(R) function which nevertheless it will always have extra curvature
terms other than the Ricci scalar R. If for example we choose a a polynomial distribution like
φ(r) =
A
(r + s)p
, (88)
we will get
fR(r) = −A
2p(r + s)−2p
4p+ 2
+ c1 + c2r , (89)
or an inverse trigonometric function distribution of the scalar field
φ(r) =
pi
2
− arctan r , (90)
we will get
fR(r) = −1
2
r arctan r + c1 + c2r . (91)
Therefore we expect that strong and weak curvature effects of the f(R) function at small and large distances will
give hairy black hole solutions.
III. CONFORMAL COUPLING
In this section we will consider a scalar field conformally coupled to gravity and we will look for hairy black holes.
Consider the action
S =
∫
d4x
√−g[ 1
2κ
(
f(R)− Λ)− 1
2
φφ− 1
12
Rφ2 − V (φ)] . (92)
Varying this action we get the field equations
fRRµν −
1
2
gµν
(
f(R)− Λ)+ gµνfR −∇µ∇νfR = κTµν , (93)
φ− 1
6
Rφ− V ′(φ) = 0 , (94)
where the energy-momentum tensor is given by
Tµν = ∂µφ∂νφ−
1
2
gµνg
αβ∂αφ∂βφ+
1
6
[gµν−∇µ∇ν +Gµν ]φ2 − gµνV (φ) , (95)
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and f ′(R) = fR. We consider the metric ansatz
ds2 = −b(r)dt2 + 1
b(r)
dr2 + r2
(
dθ2 + sin2θdφ2
)
. (96)
Then, setting κ = 1 from the θθ and tt components of the Einstein equations we get
fR(r)
(−3r2b′′(r) + 6b(r)− 6)+ r (rb′(r)− 2b(r)) (φ(r)φ′(r)− 3f ′R(r))
12r2b(r)
= 0 , (97)
while from the tt and rr components of the Einstein equations we get
1
6
b(r)2
(
3f ′′R(r)− φ(r)φ′′(r) + 2φ′(r)2
)
= 0 . (98)
The Klein-Gordon equation reads
(rb′(r) + 2b(r))φ′(r)
r
+
φ(r)
(
r2b′′(r) + 4rb′(r) + 2b(r)− 2)
6r2
+ b(r)φ′′(r)− V
′(r)
φ′(r)
= 0 . (99)
As in the previous section with a scalar field minimally coupled to gravity, we will consider various matter distributions
and we will study their effect on a spherically symmetric metric. Then having the forms of the scalar field φ(r) we will
solve for fR(r) from equation (98), then we will get b(r) and V (r) from equations (97) and (99) respectively.
A. φ(r) =
A
r +B
We first consider the form of the scalar field φ(r) =
A
r +B
where A and B are constants. Then we get
fR = C1 + C2r , (100)
and the metric function b(r), V (r) can be obtained numerically as shown in Fig. 5 and Fig. 6.
0.5 1.0 1.5
r
-3.0
-2.5
-2.0
-1.5
-1.0
-0.5
0.5
b(r)
FIG. 5: b(r) for A = C1 = C2 = 1, B = 1 (Green), B = 0.01 (Red), B = −0.05 (Blue).
The conditions used are: b(0.2) = −10, b(100) = 1, V (100) = 0. We can see that in all cases there is an horizon
formed and black hole solutions exist with a scalar field to behave well for all r > 0 values.
For the f(R) function we have from equation (100),
f ′(R) = C1 + C2r(R) , (101)
f(R) = C1R+ C2
∫ R
r(R)dR , (102)
where the parameter C1 is dimensionless and C2 have dimensions [C2] = L
−1. Therefore if C1 = 1 and C2 = 1 this
solution can be considered as an extension of the Einstein gravity. The scalar charges play a role in determining the
metric therefore the matter distribution will influence the form in the final f(R) through the Ricci scalar.
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FIG. 6: V (r) for A = C1 = C2 = 1, B = 1 (Green), B = 0.01 (Red), B = −0.05 (Blue).
B. φ(r) = Ae−Br
Next we consider the case of the scalar field to be φ(r) = Ae−Br , where A and B are constants (B > 0 for the
appropriate asymptotic behaviour, with units [L]−1). Then we get
fR = − 1
12
A2e−2Br + C2r + C1 , (103)
and the metric function b(r), V (r) can be obtained numerically as shown in Fig. 7 and Fig. 8.
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b(r)
FIG. 7: b(r) for A = C1 = C2 = 1, B = 1 (Green), B = 1.5 (Red), B = 2 (Blue).
0.5 1.0 1.5 2.0 2.5 3.0
r
-1.5
-1.0
-0.5
0.5
V(r)
FIG. 8: V (r) for A = C1 = C2 = 1, B = 1 (Green), B = 1.5 (Red), B = 2 (Blue).
We can see that in all cases there is an horizon formed and black hole solutions exist with a scalar field to behave
well for all r > 0 values.
For the f(R) function we can see from equation (103) that curvature corrections will be present in the final f(R)
form. The first term of equation (103) is related directly to the scalar field charges, while the last two terms will
contain information about the scalar field indirectly through the metric function.
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C. φ(r) = ArcTanh(
A
r +A
)
Finally we consider the case of the scalar field to be
φ(r) = ArcTanh(
A
r +A
)
,
where A is a constant with units [L] and we get
fR =
(A+ r)
4A
ln
( r
2A+ r
)
+
1
6
tanh−1
(
A
A+ r
)2
+ C2r + C1 , (104)
and the functions b(r), V (r), fR and φ(r) can be obtained numerically as shown in Fig. 9-Fig. 12.
0.5 1.0 1.5
r
-5
-4
-3
-2
-1
b(r)
FIG. 9: b(r) for C1 = C2 = 1,A = 1 (Green), A = 0.05 (Red), A = 5 (Blue) (Green and Red are very close).
0.5 1.0 1.5 2.0 2.5 3.0
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-0.4
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V(r)
FIG. 10: V (r) for C1 = C2 = 1, A = 1 (Green), A = 0.05 (Red), A = 5 (Blue).
0.2 0.4 0.6 0.8 1.0 1.2 1.4
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1.0
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f_R
FIG. 11: fR for C1 = C2 = 1, A = 1 (Green), A = 0.05 (Red), A = 5 (Blue).
We can see that in all cases there is an horizon formed and black hole solutions exist with a scalar field to behave
well for all r > 0 values.
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FIG. 12: φ(r) for C1 = C2 = 1, A = 1 (Green), A = 0.05 (Red), A = 5 (Blue).
For the f(R) function we can see from equation (104) that non-linear curvature corrections will appear in the final
f(R) form. These corrections are related directly to the scalar field charges due to equation (98) (the first two terms
of equation (104)). Of course, the scalar field plays a role in the metric function b(r) so it is expected that information
about the scalar field will be present in the Ricci scalar and more non-linear corrections will finally appear because of
the last two terms of equation (104), assuming of course that the Ricci scalar is dynamical.
We can see that in all the above cases, the scalar field modifies the gravitaional model at hand, depending each time
on the scalar field profile. The first polynomial distribution for example, seems to modify indirectly the gravitational
model, while the other two distributions play a profound role in the final f(R) model. Also observe that in all cases
the potential well is formed before the formation of the horizon of the black hole which agrees with our findings in the
case of a scalar field minimally coupled to gravity.
IV. DISCUSSION AND CONCLUSIONS
In this work we studied the production of scalarized black hole solutions in f(R) gravity. Without specifying
the form of the f(R) function we introduced a scalar field minimally coupled to gravity. Solving the coupled field
equations we showed that there are no any black hole solutions. Introducing a self-interacting scalar potential and
considering a matter distribution backreacting on the metric we found that the Schwarzschild-AdS black hole is
scalarized at large distances depending on particular choices of parameters. With a different choice of parameters
scalarized Schwarzschild-AdS-like black holes can be found. The AdS space is generated by an effective cosmological
constant which depends on the parameters.
At small distances we solved numerically the Einstein and Klein-Gordon equations. We found that the curvature is
divergent at origin r → 0 indicating a singularity and all the functions are continuous for any positive r. The metric
function develops an event horizon while the scalar potential appears with a deep well which is formed before the
formation of the event horizon and also develops a peak outside the event horizon. At small distances we find a similar
behaviour of a scalar field conformally coupled to gravity. Considering various matter distributions we found that at
small distances hairy black holes are produced and the scalar potential develops a deep well before the formation of
the event horizon.
We attribute the scalarization of the black hole at large distances and the production of hairy black holes at small
distances to pure curvature effects. This is a result of the solutions of the field equations which introduce non-linear
curvature correction terms which appeared in the final f(R) form. These correction terms are related directly to the
scalar field charges of the considered matter distributions. At large distances these correction terms are weak and the
usual Ricci scalar term dominates and the coupling of the scalar field to the metric scalarized the Schwarzschild-AdS
or Schwarzschild-AdS-like black holes. At small distances the non-linear curvature correction terms dominate and then
strong curvature and scalar dynamics give a rich structure of hairy black hole solutions. We expect that matter is
trapped in the formed potential well and the scalar dynamics scalarized the black hole while after the formation of the
hairy black hole it manifests itself with a peak of its potential outside the event horizon of the black hole. With a
specific choice of parameters we found that the metric function exhibits a continuation from small to large distances
connecting the solutions found in these regimes.
It would be very interesting to study in details the dynamical mechanism of how the matter trapped in the potential
results to the formation of the hairy black hole. We have to stress here that the mechanism of the formation of hairy
black hole is a result of the direct coupling of matter to gravity. There are other mechanisms of the formation of hairy
black holes. On of them is the well known Gubser mechanism [65] on which the gauge/gravity holographic duality
depends on it. A charged scalar field in the vicinity of a charged black hole in the AdS space is trapped outside the
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horizon of the black hole as a result of the competing forces of electromagnetic and gravitational forces. Another
mechanism was discussed in [66, 67] and in its charged version [68] in which a black hole is scalarized because matter is
coupled to the Gauss-Bonnet term, which is a high order curvature term. We note here that our mechanism is different
from this mechanism because the scalar field is not directly coupled to curvature but it feels the strong curvature effect
only through its coupling to the metric.
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